The second and fourth harmonics of low frequency electric field-induced liquid crystal reorientations are analyzed theoretically and confirming results observed experimentally. These transient dynamic optical responses manifest when the phase of a homogeneous cell is nearby Np or ðN À 1 2 Þp, where N is an integer. These ripples would influence the grayscales of liquid crystal devices if the driving electric field frequency is comparable to the liquid crystal response rate.
INTRODUCTION
Nematic liquid crystal (LC) has been widely used for amplitude and phase modulations, such as displays [1, 2] , optical communications [3] , adaptive lens [4] [5] [6] [7] [8] , and tunable photonic devices [9, 10] . The applied voltage can be either a square, sinusoidal or saw-tooth wave and the frequency can range from tens to a few kilo-hertz. To achieve grayscales, a bias voltage is applied [11] . Gray-to-gray switching usually occurs from a biased voltage to another biased voltage state. The LC response time is determined by the cell gap (d), visco-elastic coefficient (c 1 =K), biased voltage, and applied voltage [12, 13] . Various methods, such as thin cell gap [14] [15] [16] , low viscosity materials [17] , overdrive and undershoot voltage [18, 19] , and elevated temperature [20] , have been developed to improve the LC response time.
In this paper, we analyze the dynamic response of a homogeneous LC cell under a biased voltage condition. The sinusoidal electric field frequency studied is around f e $ 60 Hz. In principle, square waves can be used too except that they contain high frequency components and are more difficult to analyze accurately. During analyses, we find that the second and fourth harmonic frequencies are generated depending on the biased voltage. Let us define d 0 as the effective phase retardation of the LC cell under a biased voltage, then the fourth harmonic frequency, i.e., f o ¼ 4f e is observed when d 0 $ Np (N is an integer), and second harmonic frequency f o ¼ 2f e observed if d 0 $ (N À 1=2)p. To understand the underlying mechanisms, numerical simulation based on Finite Element Method (FEM) is performed to simulate the liquid crystal dynamic process. Confirming experimental results are obtained. These ripples will affect the grayscales of the LC device and should be considered carefully. Figure 1 depicts the device configuration used for our theoretical analysis. A homogeneous LC cell is sandwiched between two crossed polarizers. To obtain phase retardation, the LC director is oriented at 45 with respect to the optic axis of the polarizer. A weak He-Ne laser (k ¼ 633 nm) nm) is used as the light source. The output transmittance is monitored by a computer controlled LabVIEW data acquisition system. The optical transmittance of this experimental setup can be expressed as [21] 
THEORY
where I 0 is the incident light intensity and d 0 is the effective LC cell phase retardation, which is a function of cell gap, birefringence, voltage, and 
The transient phase d(t) and phase change Dd can be correlated to the LC director response time s 0 by the following equations [22] :
which means that the phase response time is twice faster than the director's response time s 0 . If the phase retardation happens to be in the vicinity of
where N is an integer, substituting Eq. (3b) to Eq. (2), we find
From Eq. (4), the optical response time is 2X faster than the LC director response time s 0 . However, when the phase retardation is d 0 $ Np, Eq. (2) can be reduced to
Under this condition, the optical response time can be up to 4X faster than s 0 . Especially when t=s 0 is small, I=I 0 is mainly determined by the expðÀ4t=s 0 Þ term because it decreases much faster than the expðÀ2t=s 0 Þ term. These phenomena have been briefly mentioned in [23, 24] , but no detailed derivations were given. Figure 2 is a plot of voltage-dependent normalized transmittance of a typical homogeneous LC cell. When d 0 $ Np, the transmittance of the LC cell is either at a maximum (regions 2 and 6) or at a minimum (region 4). Under such a bias voltage condition, the fourth harmonic frequency is generated. The LC directors can closely follow the oscillation of the electric field, but at 4X higher frequency. If
Þp, i.e., the LC transmittance is near the regions 1, 3 and 5 shown in Figure 2 , the second harmonics takes place.
RESULTS
Experiments are conducted to validate the phase retardation dependent electro-optical modulation. FEM numerical simulation is also employed to simulate the transient phase and optical responses. The finite element method (FEM) is a well recognized numerical simulation method [25] . A general purpose FEM computer program can be easily developed to rigorously analyze the problems where analytical solutions are difficult to obtain, such as calculating the transient phase shift. The numerical simulation of an LC device's dynamic behavior is based on the assumption that the system acts to minimize its free energy. The dynamic evolution of the LC director n i are provided by the analysis of the electric and elastic properties of the LC material, which is given by the Oseen-Frank free-energy equation,
where K 11 , K 22 , K 33 are the three Frank elastic constants, and 1 2 D Á E is the electric energy density of the free energy.
In the FEM program, we derive the dynamic equation for LC directors by considering the rotational viscosity c 1 while ignoring the backflow effects,
In each evolution step, n i is normalized as a unit, as shown in Eq. (8) . Strong anchoring on the substrate surfaces is assumed in the simulation, and the boundary condition in the FEM simulation is described by prescribing 2 pretilt angles on the LC cell surface planes. Once the LC director distribution is obtained, optical transmittance is calculated by the extended Jones matrix approach [26, 27] .
As an example, 60 Hz sinusoidal driving voltage is used in our experiments and simulation, which is the typical frame rate of liquid crystal display. The amplitude of the driving voltage is adjusted to Figure 3 , the fourth harmonics is experimentally demonstrated. The peak-to-peak voltage (V pp ) of the sinusoidal voltage is 14.87 V, which is plotted in the lower trace of the figure. The corresponding optical response is plotted in the upper trace and its frequency is 240 Hz, which is four times of the driving voltage. This result is consistent with our theoretical analysis, as shown in Eq. (5) .
Numerical simulation results shown in Figure 4 also agree very well with the experiment. The simulation results show a transient phase shift Dd, and its peak-to-peak amplitude is 0.19p. The average phase shift d 0 $ p, which is in the region 2 of Figure 2 . The driving 198=[524] X. Nie et al.
voltage V pp is 13.8 V, which is close to the 14.87 V employed in our experiments. The difference could originate from the finite anchoring energy and pretilt angle of the cell. Through simulations, we obtain a better understanding on the physical mechanisms responsible for the observed transient phase modulation and higher order harmonics in optical response. Similarly, the second harmonics phenomenon is also experimentally observed, as shown in Figure 5 . The applied voltage keeps an average phase retardation at 1.5p and the peak-to-peak voltage is V pp ¼ 11.81 V. As discussed in the theory part, the frequency of optical response is 120 Hz, which is two times of the driving frequency. Numerical simulation results shown in Figure 6 also confirm our experimental observation. In the simulation, V pp of the driving voltage is 11.80 V, and the peak-to-peak amplitude of Dd is 0.17p.
DISCUSSION
The observed transient phenomena are mainly determined by the dynamic driving voltage. The transient LC dynamic process is decided by the balance between the elastic and electric energy density, as represented by Eq. (7). The sinusoidal driving voltage is changing continuously and is applied on LC cells as a bias voltage. When the transient driving voltage decreases from its peak amplitude, LC directors relax accordingly as the bias voltage decreases. Once the decreasing cycle of voltage amplitude is finished, the driving voltage amplitude starts to increase. The increasing bias voltage reorients the LC directors back, even if the LC directors don't fully decay from the previous cycle yet. Therefore, the LC directors are consistently driven by the external electric field and they must follow the cycles of sinusoidal driving voltage. Since the sinusoidal driving voltage is changing continuously, a simple analytical solution is not available. Numerical simulation is used to solve Eq. (7) and calculate the transient phase shift. The simulation shows that, at a lower driving frequency, the longer period allows more time for LC directors' reorientation, which 
FIGURE 6
Simulation results of f o ¼ 2f e , at f e ¼ 60 Hz. In the simulation, V pp ¼ 11.80 V is used to keep d 0 $ 1.5p, which is around region 3 in Figure 2 . The Dd peak-to-peak amplitude is 0.17p. In this paper, we mainly discuss the sinusoidal driving voltage condition. However, this LC dynamic process can be generalized to other driving conditions, as long as a transient phase shift is induced by an external driving voltage. In our experiments, various voltage waveforms (rectangular and triangular) were used and similar results were observed.
CONCLUSION
The dynamics of liquid crystal electro-optical modulation is analyzed theoretically and validated experimentally. Under certain biased voltage conditions, the second and fourth harmonics are generated depending on the phase retardation of the LC cell studied. These second and fourth harmonic frequencies can affect the grayscales of a LC device. For applications which only require a small phase dithering, the fourth harmonic frequency which has 4X faster response time than the LC director's response time maybe useful.
